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Abstract 
 
 
T he work is devoted to the problem of multiple signals of nuclear spin echoes in magnets, excited 
by a series of radio-frequency (R F) arbitrary duration pulses exceeding the free induction decay 
time. 
T he quantum-statistical approach based on the L iouville equation solution for the statistical 
operator of system is developed for the investigation of echo-processes. 
T he obtained theoretical results for the number of echo signals, time moments of their formation 
and their intensities are in good agreement with experiments carried out on magnets (ferrites, 
ferrometals, half metals, manganites). 
T he pointed approach is general and could be applied to E PR  and NQR , which is interesting also 
for its application for remote detection of explosives and narcotics. 
T he application of wide R F pulses and their sequences makes it possible to accumulate weak 
signals, enriches the echo-response spectrum with clearly separated intensive lines, i.e. essentially 
increases the sensitivity of apparatus and, correspondingly, the possibilities to explore the fine 
details of dynamical and relaxation processes taking place in nuclear spin-systems with sufficiently 
long relaxation times. T he work contains also results of new experiments on study of relaxation 
processes in these systems. 
 
 
 
1. Introduction 
The echo signals in nuclear spin systems (NSS) are usually excited by short pulses of a radio-
frequency (RF) field, whose duration τ is much shorter than the characteristic times of dynamic 
chaos ∗2T . The time 
∗
2T is associated with so-called inhomogeneous broadening, since this 
broadening is caused by static inhomogeneities of an object investigated. At τ > ∗2T  , there appear 
new possibilities for the formation of echo signals, which were first noted by Mims [1]. 
These possibilities were lately studied in many works [2-8] particularly after the observation of 
single-pulse echo phenomenon (SPE) [9] and explanation of this phenomenon by the non-resonant 
excitation of NSS of magnets [2]. This mechanism was named as non-resonant one and it is caused 
by non-adiabatic, jump-like changes of the effective magnetic field in rotating coordinate system 
(RCS) at edges of RF pulses. In the last years this direction obtained a new development [10-14]. 
 2 
In the present work it is given a short review of quantum-statistical calculation of nuclear spin echo 
(NSE) signals in magnets excited by two wide RF pulses and presented new experimental results 
in this direction [13-14]. 
2. Statement of problem 
The scheme of the effect of two RF pulses that ensure the formation of multiple echo signals is 
given in Fig. 1: 
 
Fig. 1. 211 , τττττ <+< . 1, 2, 3, 4 are the pulse fronts. 
)2,1(ωω → ,     )2,1(111 ωγω →= Hn I ,       
)2,1(
njnjInj H ωγω →= . 
At the initial time moment 0=t  a first RF pulse with the duration 1τ  is applied to the equilibrium 
NSS. Then, in a time period 1ττ >  (time of delay) there occurs a free evolution of the NSS after 
which at the time moment ττ += 1t  a second pulse with duration τττ +> 12  is applied. After the 
end of the second pulse at the time moment 121 tt ≡++= τττ  there again starts a process of free 
induction, and at times 1tt >  there are observed multiple echo signals. 
It is assumed that the pulses of the RF field have frequencies )2,1(njω , amplitudes 
( )2,1
1ω  (in the 
frequency units) and durations 2,1τ . It is also assumed that at the time moment at which the pulse is 
applied to the system there occurs a jump like change in the hyperfine field at the nuclei: 
)2,1(
njnj HH →  (e.g., due to the displacement of the domain wall caused by a magnetic pulse [11], 
or for some other reason), which leads to a jump in the resonance frequency of j the isochromate: 
)2,1()2,1(
njIjnjIj HH γωγω =→=  (it is assumed, as usual, that Hnj >> Ho). 
3. The scheme of calculation of echo signals 
In the coordinate system rotating with the frequency of the RF field ω  around z  axis (RCS), the 
NSS is described by a statistical operator ( )t∗ρ  and by the Liouville equation [12] 
( ) ( )[ ]tH
t
ti t
∗∗
∗
=
∂
∂ ρρ , , ( ),tHHH SLt ∗∗∗ +=                                      (1) 
( )∑ ++∆=∗
j
SN
x
j
z
jj HIIH 1ω , ( ) ( ) ( )tIiHtIitH zSLzSL ωω −=∗ expexp                       (2)  
Here ωω −=∆ jj  is the detuning of the resonance, jIj Hγω =  is the Zeeman frequency of the 
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j th isochromate; 11 HIηγω =  is the Rabi frequency (the Rabi inhomogeneous broadening is 
neglected), −η enhancement factor [15], zj
y
j
x
j III ,, , 
y
j
x
jj III ±=
± are the operators of the nuclear 
spin jI

, SLH  is the spin-lattice interaction (no its explicit form is required); SNH  - is the Suhl-
Nakamura interaction. 
Below, we neglect the interaction between the nuclear spins belonging to different isochromates; 
therefore, SNH  can be written as follows: 
∑ ∑
≠
−+=≈
j
N
k
kkjSNjSNSN
j
IIUHHH

,, , ,  [ ] 0, , =jSNzj HI ,                                        (3) 
where the summation over ,k  refers to the spins of the j th isochromate (their number is jN ). 
As follows from the explicit form of the Hamiltonian ∗H  in (2), the nuclear spins in the RCS are 
subjected to an effective magnetic field 
( ) Ijj ikH γω /1

+∆= .                                                         (4) 
The problem consists in solving of the Liouville equation (1) in regions IVI −  under the 
equilibrium initial condition 
( ) 1/100 TrIt
j
z
jjLt 






−≅= ∑=
∗ ωβρρ  ,     (5) 
with the fulfillment of the joining conditions at the time moments 2111 ,, ττττττ +++ : 
( ) ( ) ( ) ( ) ( ) )()(,,,0 21221201*101*21*11*100*1 τττρτττρττρττρτρτρρρ ++=+++=+== ∗∗ ,         (6) 
which ensure the continuity of the solution. During the action of the RF pulses the spin-lattice 
interaction is neglected ( ( ) SNxSL HtH << ). 
When solving the Liouville equation in pulsed RF fields, we used the scheme of the calculation 
described in [12]. The aim of the calculation was the determination of the induction signal defined 
by the relationship 
{ } ( )[ ] ( )[ ]{ +−−−⋅−∆==+ ∑ −+∗ )/exp(11exp)()( 1)1()2(121 TtTiIItTrttI jj
j
j
z
j τγγρ  
( ) ( ) ( )[ ] ( ) ( ) ( )[ ]}τγβτγα 12*121212 expexp −− −∆−+−∆+ TiTi jjjjjj .                                 (7) 
Explicit expressions for )1((k)j
)()( ,,, j
k
j
k
j γγβα  factors are presented in work [12]. These parameters 
depend on the angle )(kjθ  between the axis z and the direction of effective field 
( ) Ikkjkj ikH γω /)(1)()(

+∆= : 
[ ] [ ] 2,1,,,/sin )()()(2)(12)()()()(1)( =−=∆+∆=ΩΩ= kkkjkjkkjkjkjkkj ωωωωθ . 
At derivation of expressions (7) it was used following approximations: 
( ) ( ) ( )21111 /exp,, TIUIU jj τττττττ −≅++ ±±+  
[ ] ( ) ( ) ( )111111 /exp,, −+ −−+≅++ TIIIUIU zjzjzjzj τττττττ ,                          (8) 
where [ ]11 ,τττ +U  is the NSS evolution operator from moment 1τ  to moment ττ +1 : 
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Approximations (8) provide the equivalency of quantum approach to the solutions of Bloch 
equations in regions of free evolutions IVII , . 
4. Classification of echo signals 
In the general case the quantity (7) contains 20 signals, namely, two induction signals 
corresponding to the moments 1τ=t  and 1tt = , and 18 echo signals, which can be classified as 
follows [13,17]: 
1. Six primary TPE signals (12), (13), (14), (23), (24), (34), which are formed pairwise by the 
fronts 1, 2, 3, 4 ((12) and (34) are signals of the single-pulse echo (SPE) from the first and second 
RF pulses, respectively). 
2. Four secondary TPE signals ((12)3), ((12)4), ((13)4), and ((23)4), which are formed by the 
primary echo signal with the subsequent fronts 3, 4. 
3. Four signals of primary stimulated echoes (123), (124), (134), and (234), which are formed by 
triples of fronts: the longitudinal component of nuclear magnetization, created by signals (12), 
(13), (23) and reading fronts 3, 4. At 1
)1(
2
)2( ττ jj Ω<Ω  for 1tt >  time it is observed only two signals 
of stimulated echo (123), (124) [14]: at 1
)1(
2
)2( ττ jj Ω>Ω  it is observed three signals of stimulated 
echo (124), (134), (234). 
4. Two signals of secondary TPE(s) (((12)3)4), ((123)4), which are formed by the echo signal 
((12)3) and by the signal of the stimulated echo (123) with the front 4, correspondingly. 
5. One echo signal of a “complex” stimulated echo ((12)34) formed by three elements: by the 
signal (12) and fronts 3 and 4. 
6. One signal (1234) is formed by longitudinal component of nuclear magnetization zm  created by 
the first pulse, and by the second pulse (by the fronts 3, 4): allowing for the phase 1
)1( τjiΩ  
accumulation during 1τ  in zm  which doesn’t change in the interval [ τττ +11 , ]. Then due to the 
second pulse there is additional accumulated phase 2
)2( τjiΩ , and, therefore, signal (1234) is 
observed at the moment 21 ττ +≈t
*). 
At any relation 1
)1(
2
)2( ττ jj Ω>Ω  or 1
)1(
2
)2( ττ jj Ω<Ω , the maximum number of echo signals that can 
be observed after the end of the second pulse is equal, just as in [7, 17], to thirteen (in the first case 
it is not observed signals (12), ((12)3), (123), (23), (13),  and in the second case it is absent signals 
(12), (134), (234), (((12)3)4), ((123)4)), whose moments of the appearance lie to the left of the 
moment of the end of the second pulse 1t ). Analogically, in the case τττ << 12  the signals (12), 
(134), (234), (((12)3)4), ((123)4) are not observed. The real number of observed signals and the 
moments of their appearance depend on the relationship between 21 ,, τττ  and on the magnitudes of 
jumps. 
5. Particular cases 
The calculation gives (in some cases it is presented the explicit expressions of signals): 
1. 02 == ττ . It is easy to show, that the factors 1,0
)2()2()2( === jjj αβγ  and the relationship (7)  
__________________________ 
*) In work [17] the formation mechanism of the (1234) signal is not explain. 
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is transformed into the free induction signals from the first pulse: 
( ){ }∑ −−∆=+
j
jj
z
j TiIttI
)1(1
21 exp)( γ                                                  (9) 
2. 1T>>τ . The relationship (7) is transformed into the free induction signal from the second pulse: 
( )[ ] )2(121 exp)( j
j
j
z
j tTiIttI γ∑ −−∆=+                                            (10) 
3. 0=τ . In this case it is obtained the result of work [12]: 
( )[ ]( ))2()1()2()1()2()1(121 exp)( jjjjjj
j
j
z
j tTiIttI βγαγγγ
∗− ++−∆=+ ∑                         (11) 
At time 12 ττ >>t  it is observed four echo signals: (23) from fronts 2 and 3 at moment 22 τ≈et , 
(13) from fronts 1 and 3 at moment 214 ττ +≈et , ((12)3) from echo signal (12) and front 3 at 
moment 123 ττ −≈et  and one signal of stimulated echo (123) at moment 11 τ≈et , decaying 
according to the law of ( ))1(21 /exp Tτ−  when it is considered that 011 ≈−T . It is the consequence of 
the fact that in the strong RF fields ( 121
−>> Tω ) relaxation times 1T  and 2T  are mixed both in 
quantum and classical [16, 18] approaches. 
4. 12
−>> Tτ . The transverse components of nuclear magnetization, created by the first pulse, 
disappear. Only the longitudinal component remains which reduced the free induction signal from 
the second pulse: 
( )[ ]⋅−∆=+ ∑ −
j
j
z
j tTiIttI
1
21 exp)( ( )[ ] )2(1)1( )/exp(11 jj T γτγ −−−                   (12) 
The signal (12) is increased with the increase τ  and attain the maximum (10) at 1T>>τ . In 
general case for 2τ>t time (12) contains four echo signals. 
(34)= ( ) ( )( ) ( ))2(2221)1(2)2(2)2( //exp/expsin12/sinsin j
j
jjj
z
j TTtTI ττθθθ −−−−∑ ,    2τ≈t ;            (13) 
Obviously, the expression ( ) 0/expsin1 1)1(2 >−− Tj τθ  and increases with the increase ofτ . That is 
the allowing for the influence of the first pulse decreases the SPE amplitude from second pulse. 
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2
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The value jT2  is the effective time of transverse relaxation of signals (123), (124), (1234) due to 
the excitation by two long RF pulses. When the jumps are absent then jjj TTT 2
)2(
2
)1(
2 ==  and 
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2/2 22 jj TT = , i.e. twice shorter than the SPE transverse relaxation time. In general case jT2  is 
intermediate between )1(2 jT  and 
)2(
2 jT . 
6. Results and discussions 
The approach used in the theoretical part of work is the quantum-statistical generalization of 
approaches developed in [2, 7] using, correspondingly, classical Bloch equations and statistical 
tensors method. In work [2] so-called non-resonant mechanism of SPE formation was presented 
for the first time and in [7] – multiple-pulse mechanism of SPE formation allowing for possible 
non-equilibrium of spin system before the consecutive PF pulses in the RF pulse train. 
As it was shown in our works [19] the best magnet to compare theoretical predictions of this work 
to experimental ones is lithium ferrite, because in this magnet it is absent echo signals formed by 
the distortion mechanism [6] appearing when front of RF pulses are distorted due to the transition 
processes in the RF mains. 
The experiments were carried out by the incoherent spin-echo spectrometer [6] at liquid nitrogen 
temperature. 
Circular disks of diamagnetically diluted ferrites 4250 OZnFeLi xx−  ( 25.00 ≤≤ x ) of 12-15 mm in 
diameter and 5-8 g in weight enriched by Fe57  iron isotope (96.8%) were used. Besides it was 
used improved resonator system of spectrometer as in [19] and signals a nuclear spin-echo were 
averaged using a Tektronix 2430 Å digital memory spectrometer. 
We use approach of work [12] where it was studied the multiple-pulse analogs of SPE obtained 
upon jump-like changes of the effective magnetic field direction in the RCS within pulse duration. 
It turned out that the pulse fronts and the position of jump-like change in the direction of )(kjH

 in 
an RCS within the RF pulse have a quantitative analog-exciting RF pulses in the Hahn echo 
method. In this case, the magnitude of the change in the direction of )(kjH

 in an RCS is an analog 
of the angle of deviation of the vector of nuclear magnetization under the effect of RF pulses in the 
Hahn method. 
In frames of this approach, the action of two wide RF pulses can be considered as being equivalent 
to the action of a single pulse, when apart from the pulse fronts within the duration of RF pulse 
there are occur two jump-like changes of )(kjH

 in the RCS, and the amplitude of the RF field 
between them is zero. Such a complex single-pulse action is analogous to a four-pulse action in the 
Hanh method [12]. 
 
 
 
 
 
 
 
 
Fig. 2. Oscillograms of the signals of multiple echo upon the excitation by two wide RF pulses in lithium ferrite: (a) at 
NMRf  = 71 MHz, lengths of the RF pulses 1τ  = 8 μs, 2τ  = 5 μs, and the time span between them 12τ = 9 μs; and (b) 
upon the action of short ( pτ = 1 μs) RF pulses coinciding with the edges of wide pulses. 
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Fig. 2 displays an oscillogram of multiple echo signal upon the action of two pulses of different 
duration and is similar to that one obtained at action of four short RF pulses coincide with the 
edges of two wide RF pulses [13]. 
The period of repetition of a pair RF pulses was optimum for the observation of multiple echo. The 
upper beam shows the amplitude of the echo signals from the NMR receiver depending on the 
time; the lower beam depicts the signals from video-detector, illustrating the shape amplitude, and 
duration of the RF pulses. The signals of multiple echo have 13 components in the correspondence 
with theoretical results and experimental results obtained for multiple-echoes in works [7, 17]. The 
high intensity of observed multiple echo signals in lithium ferrite made it possible to establish the 
nature of fast relaxing component in multiple-echo signal [10] for the first time observed in [4] on 
the example of FeV . 
The existence of such short relaxation times of one of the main components upon the increase in 
the duration of the RF pulse can be understood taking into account the fact (firstly noted in [2]) 
that the SPE signal in terms of the non-resonant mechanism can have a relaxation time shorter than 
T2, since the conditions of dephasing of the isochromates in the effective magnetic field )(kjH

 in 
the presence of an RF pulse differ from those observed in the process of their dephasing after the 
end of the action of the RF pulse. In such magnets as Co  and MnSiCo2  it is effective both non-
resonant and distortion mechanisms of SPE formation allowing the observation of strongly 
relaxing component similar to [4] and component formed by the distortion mechanism with longer 
transverse relaxation time [14]. 
7. Conclusions 
The theoretical and experimental study of multiple echo-signals from two wide RF pulses was 
carried out. The experimental results coincide with the theoretical predictions. These data are 
useful for using methods of echo spectroscopy for studying both general problem of dynamic 
chaos and local characteristics of magnetic materials. 
The use of wide pulses opens new possibilities to study different signals of multiple echoes 
differently connected with the properties of studied magnetic materials. 
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